Mathematica 11.3 Integration Test Results

Test results for the 70 problemsin "5.3.5 u (a+b arctan(c+d x))*p.m"

Problem 4: Result more than twice size of optimal antiderivative.

a+bArcTan[c +dx]
j dx

ce+dex
Optimal (type 4, 63 leaves, 5 steps):
alog[c+dx] 1ibPolylLog[2, -i <c+dx)] ibPolyLog|2, i (c+dx”
n _

de 2de 2de

Result (type 4, 189leaves):

1
- (ibr*-4ibsArcTan[c+dx] +8ibArcTan[c+dx]?+bLog[16] -
8de

4brLog[l+e2tArcTanicrdxl] g ArcTan[c +dx] Log[1 + e 2 ArcTanlerdx] ] _
8bArcTan[c+dx] Log[1-e?iArcTanicsdx]] _ga|og[c+dx] -2bmlog[l+c?+2cdx+d?x?] +
41b PolyLog[z, _ @ 21ArcTan[c+dx] ] +41ib PolyLog[z, @2 iArcTan[c+dx] ] )

Problem 10: Result more than twice size of optimal antiderivative.

(a+bArcTan[c+dx])?
J dx
ce+dex

Optimal (type 4, 183 leaves, 8steps):

2 (a+bAr‘cTan[c+dx})ZAr‘cTanh[l— 2 ]

1+i (c+dx)

de
ib (a+bArcTan[c+dx]) Polylog[2, 1- 2 ]

1+1 (c+d x)

+

de
ib (a+bArcTan[c+dx]) Polylog[2, -1+ 2—|

1+1 (c+dx)

de
b2 PolylLog[3, 1- —=2——] b?PolylLog[3, -1+ 2—|
+

1+1 (c+dXx) 1+1 (c+dXx)

2de 2de

Result (type 4, 381 leaves):
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1

24de
16 i b ArcTan[c +dx]> -ab 7 Log[16 777 216] + 24 b? ArcTan[c + d x]? Log[1 - e 2 EArcTan(cxdx] ]
24ablog|1l+ e 2iArcTanlerdx]] 48 ap ArcTan[c +dx] Log[1+ e 2tArcTan(erdx]]
48 abArcTan[c+dx] Log[1-e? ArcTanlcsdx] ] _ 24 b2 ArcTan[c +dx]2 Log[1 + e? FArcTan(exdx] |,
24a% Log[c+dx] +12abrlog[l+c?+2cdx+d*x?] -
24 i abPolylog|2, -e 2iArcTanlerdx] ], 94§ b2 ArcTan[c +d x] Polylog|2, e 2iArcTanicrdx)]
24 i b? ArcTan[c + d x] Polylog[2, -e?*ArcTanic:dxl ] _ 24 j abPolylog|2, e?tArcTanlcrdx]]
12 b? PolyLog|[3, e 2*ArcTanlcdxl | _ 13 h2 polylog|3, - e? HATCTanlcrdx] |

(-6iabs®-ib*s’+24iabrArcTan[c+dx] -48iabArcTan[c+dx]?+

Problem 17: Result more than twice size of optimal antiderivative.

J(a+bAr‘cTan[c+dx])3 :
X

ce+dex

Optimal (type 4, 279 leaves, 10 steps):

2 (a+bAr‘cTan[c+dx})3Ar‘cTanh[1— —2—
1+i (c+dx)
de
. 2 2
3ib (a+bArcTan[c+dx])®Polylog|2, 1- m}
N
2de
. 2 2
3ib (a+bArcTan[c+dx])?®Polylog[2, -1+ m]
2de
2 2
3b% (a+bArcTan[c+dx]) Polylog|3, 1- A ]
N
2de
2 -2
3b? (a+bArcTan[c+dx]) PolylLog[3, -1+ - ]
N
2de
13 2 13 _ 2
31ib’Polylog[4, 1- —* ] 3ib’Polylog[4, -1+ — "]
4de 4de

Result (type 4, 562 leaves):
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(64a®Log[c+dx] -241ia’b (n*-4ArcTan[c+dx] +8ArcTan[c+dx]*-inlog[16] +
64de

41 rLog[l+e2iArcTanicdxl] g3 ApcTan[c +dx] Log[l+e 2iArcTanicrdxi]
8 i ArcTan[c +dx] Log[1-e2ArcTanierdx] ] 9§ rlogl+c?+2cdx+d?x?| +
4Polylog[2, e 2 ArcTanic:dxl |, 4 polylog|2, e?*ArcTanicrdx]])
8ab® (-in’+16iArcTan[c+dx]?+24ArcTan[c +dx]?Log[1- e 2tArcTanlcrdx] ] _
24 ArcTan[c +dx]? Log[1 + e tArcTanledx] ] 4 94 § ArcTan[c +d X]
PolylLog[2, e 2iArcTanlc+dx] ], 24 j ArcTan[c +d x] PolylLog |2, -e2tArcTanicrdx]]
12 Polylog|[3, e 2*ArcTanicxdx]] _ 13 polylog[3, -e? ArcTanicrdx] ) _
i b? (n*-32ArcTan[c+dx]*+64 i ArcTan[c+dx]’ Log[1-e 2 ArcTanlcdxl ] _ 64
ArcTan[c +dx]3® Log[1+ e ArcTanlcsdx] ] _ 96 ArcTan[c +d x]? Polylog|2, e 2tArcTanicrdx] | _
96 ArcTan[c +d x]2 PolylLog[2, —e?*ArcTanic+dxl ] 96 § ArcTan[c + d X]
PolylLog|3, e 2iArcTanlcdx]] _ 96 j ArcTan[c +d x] Polylog|3, -2 ArcTanierdxi ],
48 Polylog |4, e 21 ArcTanicrdx] ] . 48 polylog |4, —e? PArcTanlcrdxl ) )

Problem 21: Result more than twice size of optimal antiderivative.

ArcTan[1 + x]
J— dx

2+2X
Optimal (type 4, 31leaves, 5steps):

1jPolyLog[z, -1 (1+x)] - 1jPolyLog[z, i(1+x)]
4 4

Result (type 4, 138leaves):

1 .
-— i (m®-4rArcTan[1+x] +8ArcTan[1+x]2-1irLog[16] +4 i mLog|1+e 2 ArcTaniiax | _
16

8 i ArcTan[1+x] Log[1+e 2 ArcTanilxl] g ArcTan[1 +x] Log[1 - e?*ArcTaniex] ]
2ilog[2+2x+x*| +4Polylog |2, -e 2 ArCTan(lxl | 4 4 polylog |2, e tArcTanltx | )

Problem 22: Result more than twice size of optimal antiderivative.

ArcTan[a + b x]
—————dx
J ad  gx
b
Optimal (type 4, 41leaves, 5steps):

iPolylog|2, -i (a+bx)]| iPolylLog[2, i (a+bx]]
2d ) 2d

Result (type 4, 168 leaves):

1 )
-—1i (n®-4rArcTan[a+bx] +8ArcTan[a+bx]%-iLog[16] +4 i Log[1+e 2*ArcTaniasbxl ] _
8d

8iArcTan[a+bx] Log[1l+e 2iArcTan(asbxl] ;g ArcTan[a + b x] Log[1 - e? tArcTaniasbx] ]
2irlog[l1+a’+2abx+b>x?| +4Polylog[2, —e 2 ArcTanl2:x] ] . 4 polylog|2, e?*ArcTan(abx]])
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Problem 31: Result more than twice size of optimal antiderivative.

J(ewa)z (a+bAr‘cTan[c+dx])2dlx

Optimal (type 4, 382leaves, 16 steps):
b2f2x 2abf (de-cf)x b2f2ArcTan[c+dx] 2b*f (de-cf) (c+dx)ArcTan[c+dx]

3 d2 d? 3d3 d3
bf? (c+dx)? (a+bArcTan[c+dx]) i (3d2e?-6cdef- (1-3c?)?) (a+bArcTan[c+dx])?

3 d3 . 3 d3 .
(de-cf) (d?e?-2cdef- (3-c?) f?) (a+bAr‘cTan[c+dx])2

3d3f :

(e+1‘:x)3<a+bAr‘cTan[c+dx])2 1

3f 3
2b (3d’°e?-6cdef- (1-3c?) ) (a+bAr‘cTan[c+dx])Log[I;

1+1(c+dx)
b2 f (de-cf) Log[1+ (c+dx)?] ib? (3d*e?’-6cdef- (1-3c?) f?) PolyLog[Z,l—ﬁ}
+
d3 3d3

Result (type 4, 801 leaves):
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1
a?e?x+a’efx?+ —a?fx3+
3 3d3
2 (3def-3c?def+c?f2+3c (d®e®-f) +d’x (3e*+3efx+f x*)) ArcTan[c+dx] +

ab(-dfx(6de-4cf+dfx)+

(-3d*e®’+6cdef+ (1-3c?) ) Log[1 + (c+dx)2]) +3
b%>e? (ArcTan[c+dx] ((-1i+c+dx)ArcTan[c+dx] +2Log[1+e?tArcTanicrdx)])

. 1
i PolyLog[Z, _(EZLAr‘cTan[udx]]) i _bZe_F
d2
((1+21‘1c—c2+d2x2) ArcTan[c +dx]?-2ArcTan[c+dx] (c+dx+2clog[l+e?iArcTanicrdx]])
Log[1+ (c+dx)?] +21 cPolylog|2, —e“"“ﬂa”[c*dx]” +

b2f2(1+(c+dx)2 3/2 c+dx +6c(c+dx)Ar‘cTan[c+dx]+

1+(c+dx)2 1+(C+dx)2

12 d3

3 (c+dx)ArcTan[c+dx]? 3c? (c+dx)ArcTan[c+dx]?
+ +

1+(c+dx)2 1+(C+dx>2
i ArcTan[c +dx]2Cos[3ArcTan[c+dx]] -3 1 c?ArcTan[c +dx]?Cos[3ArcTan[c+dx]] -
2ArcTan[c +dx] Cos[3ArcTan[c +dx]] Log[1+ e?*ArcTanicrdxi]
6 c2ArcTan[c +d x] Cos[3ArcTan[c +dx]] Log|[1+e?*ArcTan(exdx] |, 6 c Cos[3 ArcTan([c +d x] ]

1 1

]+ (3i-12c-9ic?) ArcTan[c+dx]?+
1+<C+dx>2 1+(C+dx>2

Log|

2ArcTan[c+dx] (-2+ (-3+9c?) Log[1+e2iArcTanicrdx] ) 1 18 ¢ Log| !

] .
1+ <C+dx)2
41 <71+3C2> PolyLog[Z, 7e2jAr‘cTan[c+dx]]
(1+ <C+dx)2>3/2

6 c ArcTan[c +d x] Sin[3 ArcTan[c +d x]] - ArcTan[c +d x]2Sin[3 ArcTan[c+dx]] +

+Sin[3 ArcTan[c+dx]] +

3c?ArcTan[c+dx]2Sin[3 ArcTan[c +d x] ]

Problem 34: Unable to integrate problem.

J(a+bAr‘cTan[c+dx])2
dx

e+fx

Optimal (type 4, 261 leaves, 2 steps):

| 5
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2 2 2 2d (e+fx)

(a+bArcTan[c+dx]) Log[l_jl v ] (a+bArcTan[c+dx]) Log| FTST RS —— ]
- + +

f f
ib (a+bArcTan[c+dx]) Polylog[2, 1- ﬁ]
.F
ib (a+bArcTan[c+dx]) Polylog (2,1~ (d e+jf72cd'F;e(+1ff)ji)(c+dx)) ]
.F
2 _ 2 2 _ 2d (e+fx)
b PolyLog[3, 1 1-i (c+dx) ] . b PolyLog[B, 1 (de+if-cf) (1-i (c+dx)) }
2f 2f

Result (type 8, 22leaves):

J(a+bAr'cTan[c+dx])2
dx

e+fx

Problem 36: Result more than twice size of optimal antiderivative.

J(e+fx)2 (a+bArcTan[c+dx])>dx

Optimal (type 4, 564 leaves, 21 steps):
ab2f2x+b3f2 (c+dx>Ar‘cTan[c+dx}
d? d?
b £2 (a+bAr‘cTan[c+dx1>2 3ibf (de-cf) (a+bAr‘cTan[c+dx1)2
23 ) o )
3bf (de-cf) (c+dx) (a+bArcTan[c+dx])® bf? (c+dx)? (a+bArcTan[c+dx])?
d? B 2 d3
i(3d?e?-6cdef- (1-3c2) f2) (a+bArcTan[c+dx])?
33 )
(de-cf) (d?e?-2cdef- (3-c?) f2) (a+bArcTan[c+dx])’
3d3f
(e #x)° (- barcTancdx))® 69 F [de-cf) (a-barcTan(cdx]) Log| ;2]

1+ (c+dXx)

+

+

3f B d3
ib (3d?e?*-6cdef- (1-3c2) f?) (a+bAr‘cTan[c+dx])2Log[;] -
’E 1+i (c+dx)

b’ Log[1+ (c+dx)?] 3ib’f(de-cf)Polylog[2, 1- —*--]
- .=

2d3 d? d3

ib? (3d?’e’-6cdef- (1-3c?) f2) (a+bArcTan[c+dx]) Polylog|2, 17;} +
1+1 <C+dx)

b* (3d?e?-6cdef- (1-3c?) f2) Polylog[3, 1- 2—|

1+1 (c+dx)

2d3

Result (type 4, 1839 leaves):
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a’ (ad*’e?-3bdef+2bcf?)x a?f(-2ade+bf) x> 1 1
- +—atfxds —
d? 2d 3 d3
(3a®bcd?’e*+3a’bdef-3a’bc’def-3a’bcf?+a’bc’ f2) ArcTan[c+dx] +
1

2d3
(-3a’bd’e’+6a’bcdef+a’bf’-3a’bc?f?) Log[l+c?+2cdx+d*x*] +

a’bx (3e*+3efx+f>x*) ArcTan[c+dx] +

(c+dx) ArcTan[c+dx] ¢ (c+dx) ArcTan[c+dx]?
6ab’ef |- - +
d? d?

Lo 1
(1+ (c+dx)2) ArcTan[c +dx]2 d 1 (crdn)? 1 1
+—2c|—1iArcTan[c+dx]?-

2 d2 } 42 @ |2

: 1 . 1
ArcTan[c +dx] Log[1+e? tArcTanlexdx] | = j polylog|[2, -e2iArcTanlcsdx] ]| | 4 =3 3p? @2
2

(ArcTan[c+dx] (-iArcTan[c+dx] + (c+dx) ArcTan[c +dx] + 2 Log[1 +e2 tArcTanicxdx] 1) _

. 1
i PolyLog[z, _EZJAr‘cTan[udx] ] ) it
d

b3 e2 (Ar'cTan[c+dx}2 (-iArcTan[c+dx] + (c+dx) ArcTan[c+dx] +3 Log[1+e?*ArcTanicrdx] ] _

. 3 )
3i ArcTan[c +dx] PolylLog[2, —e?*ArcTan(c=dx] | = polylog|3, —e“APCTa”[“dX]}) +
2

1.5 - - 2
fzb ef(Ar‘cTan[c+dx] (31Ar‘cTan[c+dx1 +21cArcTan[c+dx]*+
d

(1+ (c+dx>2) ArcTan[c+dx]®- (c+dx) ArcTan[c +dx] (3+2cArcTan[c+dXx]) -

6Log[1+e“A“Ta”[c*d"]] -6 cArcTan[c +dx] Log[1+e“A"Ta”[“dx]” +

3i (1+2cArcTan[c+dx]) Polylog|2, -e?*ArcTanicdxl ] _ 3 ¢ polylog|3, - e? tArcTanicrdx] | ) +

%ab2f2<1+<c+dx>2 3/2 c+dx +6C<C+dx)Ar‘cTan[c+dx]+
4d 1+ (c+dx)? 1+ (c+dx)?
3(c+dx>Ar‘cTan[c+dx]2 3¢2 (C+dX)Ar‘cTan[c+dx}2
+ +
1+<C+dx)2 1+(c+dx>2

i ArcTan[c +dx]2Cos[3ArcTan[c+dx]] -3 1 c?ArcTan[c+dx]?Cos[3ArcTan[c+dx]] -
2ArcTan[c+dx] Cos[3ArcTan[c+dx]] Log[1+ e ArcTanicrdx)]
6 c2 ArcTan[c +dx] Cos[3ArcTan[c +dx]] Log |1+ e?tArcTanlerdx] ],

1 1
6 c Cos[3ArcTan[c +dx]] Log| |+

\/1+(c+dx)2 \/1+(c+dx>2

ArcTan[c+dx] (-4+ (3i-12c-9ic?) ArcTan[c+dx]) +
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. 1
6 (-1+3c?) ArcTan[c +dx] Log[1+e2 ArcTanic:dxl ], 18 ¢ Log|

} _
1+ <C+dx)2
41 <*1+3C2> PolyLog[Z, 7e21'1Ar‘cTan[c+dx]]
(1+ (c+dx)?)™*

6 c ArcTan[c +d x] Sin[3 ArcTan[c +d x]] - ArcTan[c +d x]2Sin[3 ArcTan[c+dx]] +

+Sin[3ArcTan[c+dXx]] +

3c?ArcTan[c+dx]2Sin[3ArcTan[c+dx]]| +

1 .
-~ b>f2 |-i (3c-ArcTan[c+dx] +3c*ArcTan[c+dx]) Polylog|2, -e?*ArcTanicdx]]
d

i <1+ <C+dX)2)3/2

3 (c+dx) ArcTan[c+dx] 9c (c+dx)ArcTan[c+dx]? 3 (c+dx)ArcTan[c+dx]>
+ + +

\/1+(C+dx>2 x/1+<c+dx>2 \/1+(C+dx>2

3¢ (c+dx) ArcTan[c+dx]?3

-91icArcTan[c+dx]2Cos[3ArcTan[c+dXx]] +
1+ <C+dX>2

i ArcTan[c +dx]3 Cos[3ArcTan[c+dx]] -31c?ArcTan[c+dx]3Cos[3ArcTan[c+dx]] +
18 c ArcTan[c +dx] Cos[3ArcTan[c +dx]] Log[1 +e? *ArcTan(cxdx] | _ 3 ApcTan[c +d x]2 Cos|

3ArcTan[c+dx]] Log[1+e?iArcTanlcxdx] ], g c2 ApcTan[c +d x]2 Cos[3ArcTan[c + d x] |
‘ 1

Log[1 + e?tArcTanic+dx) ] 4 3 Cos[3 ArcTan[c +dx] ] Log]| |+

1+ (C+dX>2

3 |ArcTan[c+dx]? (-2-9ic+iArcTan[c+dx] -4 cArcTan[c+dx] -3ic?ArcTan|

c+dx]) +3ArcTan[c+dx] (6c-ArcTan[c+dx] +3c*ArcTan[c+dx])
Log[1 + g2t ArcTanicadx] | +3Log[;] / ( 1+ (c+dx)? ) +
1+ (C+dx>2
6 (—1+3C2> PolyLog[3, _‘EZjAr‘cTan[mdx]]
(1+(c+dx)2)3/2

9cArcTan[c +dx]%2Sin[3ArcTan[c+dx]] -ArcTan[c +dx]3Sin[3 ArcTan[c +d x]] +

+3ArcTan[c+dx] Sin[3ArcTan[c+dXx]] +

3c2ArcTan[c +dx]3Sin[3ArcTan[c +dx] ]

Problem 39: Unable to integrate problem.
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J(a+bAr‘cTan[c+dx])3
dx

e+fXx

Optimal (type 4, 372leaves, 2 steps):

3 2 3 2d (e+fx)
(a+bArcTan[c+dx]) Log[il_jl v ] (a+bArcTan[c+dx]) Log| FTST RS —— ]
- + +
f f

. 2 2

3ib (a+bArcTan[c+dx])®Polylog|2, 1- — (de)}
2f

. 2 _ 2d (e+fx)

3ib (a+bArcTan[c+dx])?*Polylog|2, 1 TN R ]
2f

2 2

3b% (a+bArcTan[c+dx]) Polylog|3, 1 F——
N
2f

2 _ 2d (e+fx)

3b? (a+bArcTan[c+dx]) PolylLog|3, 1 TSR ra—— ]
2f

L3 _ 2 L3 _ 2d (e+fx)

31 b?Polylog[4, 1 PR | 3ib*PolylLog[4, 1 I ]
+
4 f 4 f

Result (type 8, 22 leaves):

J(a+bAr'cTan[c+dx])3
dx

e+fx

Problem 40: Unable to integrate problem.

J(aerAr‘cTan[c+dx])3 4
X

<e+-Fx)2

Optimal (type 4, 1233 leaves, 35 steps):
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3a2bd (de—c-F) ArcTan[c +dx] 3iab2dArcTan[c+dx]?2
+ +
-F(-F2+(de—cf)2) d2e2—2cdef+(1+c2)f2

3ab?d (de-cf)ArcTan[c+dx]? ib3dArcTan[c +dx]3 b*d (de-cf)ArcTan[c+dx]?
+ +
f(d?e’-2cdef+ (1+c?) f?) d?e’-2cdef+ (1+c?) 2 f(d?e?-2cdef+ (1+c?) f?)

2 2
6ab2dArcTan[c +d x] LOg[il,ﬁ . ]

(a+bAr‘cTan[c+dx])3 3a?bdLlog[e+fx]
. _
f(e+-Fx) -F2+<de7cf)2 dZeZ—ZCdef+(1+c2)f2

2d (e+fx) }
de+if-cf) (1-1 (c+dx))

3b3dArcTan[c+dx]2Log[—=2——] 6ab?dArcTan[c+dx] Log[(

1-1 (c+dx)

+

d2e2—2cde1c+(1+c2)1CZ : d2e2—2cde1c+<1+c2)1c2

3b3’dAr'cTan[c+dx]2Log[(d ‘{dege(*fx‘)( - ))} 6ab2dArcTan[c +d x] Log[ﬁ}
e+1 T-C -1 (C+d X +1 (C+d X

+

d2e2—2cdef+<1+c2>f2 d2e2—2cdef+(1+c2)f2

3b3dAr‘cTan[c+dx}2Log[m} 3a2bdLog[1+ (c+dx)?]

d?e?-2cdef+ (1+c?) f 2(f2+(de—cf)2)

: 2 2 3 2
3iab2dPolylog|2, 1- F——— | 3ib3>dArcTan[c+dx] Polylog|2, 1 R ]
N _

d?e?-2cdef+ (1+c?) 2 d?e?-2cdef+ (1+c?) 2

: 2 _ 2d (e+fx)
3iab’d PolyLog[Z, 1 (de+if-cf) (1-i (c+dx)) }

d2e?2-2cdef+ (1+c2) f2

s 3 _ 2d (e+fx) . 2 2
3ib3dArcTan[c +dx] PolylLog[2, 1 FIT R ] ) 3iab?dPolylog|2, 1 o ] )

d2e2—2cde1c+(1+c2)1cz d2e2—2cde1‘:+(1+c2)1cz

3ib*dArcTan[c+dx] Polylog[2, 1- —2——] 3b’>dPolylog[3, 1- —2——]|

1+i (c+dx) 1-1 (c+dx)

d2e2—2cdef+(1+c2)f2 2(d2e2—2cdef+(1+c2)f2>

3 _ 2d (e+fx) 3 _ 2
3b%d PolyLog[3, 1 (de+if-cf) (1-i (c+dx)) ] 3b%d PolyLog[B, 1 1+1 (c+dx) ]

2(d2e? 2cdefs (1+c2) ) D2 (d2e? 2cdefr (1+c2) )

Result (type 8, 22leaves):

J(aerAr‘cTan[c+dx])3 4
X

(e+-Fx)2

Problem 41: Unable to integrate problem.

J(e+fx)"‘ (a+bArcTan[c+dx]) dx

Optimal (type 5, 177 leaves, 6 steps):
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(e+-Fx)1+m (a+bAr-cTan[c+dx]) ) ibd (eﬂcx)z*"‘ Hyper-geometr‘iczFl[l, 2+m, 3+m, ﬁ%]
£ (1+m) 2f (de+ (i-c)f) (1em) (2+nm)
ibd (e+'FX)z+m Hype.«geometr‘iczFl[l, 2+m, 3+m, M]
de-(i+c) f

2f (de- (i+c)f) (1+m) (2+m)
Result (type 8, 20leaves):

J(ewa)"' (a+bArcTan[c+dx]) dx

Problem 52: Result is not expressed in closed-form.

ArcTan[a + b x]
j— ax

c+dx3

Optimal (type 4, 863 leaves, 23 steps):
ilog[l+ia+1bx] Log[ b s (1.2) 4V ] ilog[l-1a-1bx] Log[ TRy

— i .
6C2/3 d1/3 6c2/3 d1/3

b (cl/é— (-1) 1/3 41/3 x)

(-1)*®Log[1+1ia+ibx] Log|

bcl/3-(-1)/3 (i-a) dV/3

6 c2/3 d1/3

b (cl/37 (-1)Y/3dv/3 x)

(-1)*°Log[1-ia-ibx] Log|

b /34 (-1)Y/3 (i+a) dV/3

+
6 c2/3 d1/3

(71>5/6 Log[1+ja+jbx] LOg[ b(Cl/B"(_l)Z”dl”x) }

bcl/34 (-1) 2/3 (i-a) d1/3

6 C2/3 d1/3

(—1)5/6L0g[1—ia—jbx] Log[ b(cl/'3+(71)2/3d1//3x) }

b cl/3+ (-1) 1/6 (1-ia) d1/3

6 C2/3 d1/3

i Polylog|2, M} (-1)%¢ PolyLog|2, - (-1) /5 d/3 (i-a-bx) ]

bcl/3+ (i-a) di/3 ibcl/3o(-1)%/6 (i-a) dV/3

6C2/3 d1/3 6C2/3 d1/3

+

(-1)Y/3d3 (i-a-bx) ]
bcl/3-(-1)Y/3 (i-a) d¥/3

ﬂlﬂa—%XL}

bcl/3- (i+a) dV/3

(*1)1/6 PolyLog|[2, - iPolylog|2, -

6 c2/3 g1/3 6 c2/3 d1/3

(71>1/6 PolyLog[Z, (=1)Y/3dY/3 (i+a+bx) ] <71>5/6 PolyLog[Z, __(=1)23dY/3 (i+a+bx) }

bc'/3+(-1)Y/3 (i+a) d¥/3 bct/3-(-1)%/3 (i+a) d'/3

6 c2/3d1/3 6 c2/3 d1/3

Result (type 7, 892 leaves):
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1,
-—b RootSum[
6

b®c-id+3ad+3ia’d-a*d+3b3cnHl+3idal-3adnl+3ia’dul-3a3dal+3b3cnl?-
3i1dr1?2-3ade1?-31a2du1?2-3a3da1?+b3cn1d+idu1®+3adn1®-31a2da1®-atdn1 &,

-1+51
—mArcTan[a+bx] - 2ArcTan[a+bx]%2+2 1 ArcTan[a + b x] ArcTanh [7 +
1+11
. . -1+01
irlog[l+e2iArcTan(asbx] ]\ 55 ArcTan(a +bx] Log[1 - o2 LArcTan(a+bx] -2 ArcTanh| | ] -
~1+u1 ; Xl 1
2 Ar‘cTanh[ ] Log [1 _ eZJArcTan[a b x] 2Ar‘cTanh{ T } ] i Log[ ] +
1+ul 1+(a+bx)2
-1+#1 . ) -1+81
2 ArcTanh [ 7] Log [Sln [Ar‘cTan [a+bx] +1ArcTanh [ EE— ] } +
1+H1 1+41
. -1+m1
Polylog|2, g2 LArcTan(asbx]-2ArcTanh| -2 | -2ArcTan[a+bx]? 51 +rArcTan(a + b x] #1% -
-1+a1 .
2i ArcTan[a+bx] ArcTanh| ————] 1% - i 7t Log[1 + e 2 FArcTan(arbx] | 192
1+81
. -1+11
2 i ArcTan [a +b X] Log [1 B ez1ArcTan[a+bx]—2Ar‘cTanh{ oy } } le .
-1+11 . “1eE1 1
2 ArcTanh|[ = | Log[1 - e ArcTentasoxi 2arcTamt [ FE5]1 g2 5 1 og | ] m12 -
1+01 2
1+ (a +b X)
-1+¢1 . . -1+41 )
2 ArcTanh [ 7] Log[Sln [Ar‘cTan [a+bx] +1 Ar‘cTanh[—] ] } ls -
1+01 1+11
; tbx]- et 1 nl
PolyLog {2) <e211Ar‘cTan[a b x] 2Ar‘cTanh[ Py } ] le +2 eAr‘cTanh{lml} ArcTan [a +b X] 2 +
(1+m1)2
ArcTanh[ﬂ} 2
4e ) ApcTan[a + b x] <l

M /(b3c+ad+2j1a2d—a3d+
(1+m1)2

1-11
2 <[22 AncTan [a+bx]2H12

2b%cnl-2adnl-2a’dul+b>cnl?+adnl®-21ia’dn1?-a’dnl?) &|

Problem 53: Result more than twice size of optimal antiderivative.

ArcTan[a + b x]
J— dx

c+dx?

Optimal (type 4, 543 leaves, 17 steps):
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ilog[l+ia+ibx] Log[M} ilog[l-ia-1ibx] Log{M]

~ b+/—c - (i-a) \/d . b~/—c +(i+a) \/d
4~-c \d 4~[-c \Jd
, . b (Ve +d x _ o b (Ve +/d x|
ilog[l+ia+1bx] Log[bﬁ+(j_a>ﬁ} 7 ilog[l-1ia-1bx] Log[bF—(i+a)ﬁ] 7
4+ -c \/? 4 -cC \/?
i PolvL 2. _ d (i-a-bx i PolvL 2 d (i-a-bx
potyiop(2, - ) 3 potylog[s, e
4~/-c \/d 4~/-c \Jd
. _ _n/d (i+a+bx) . \/d (i+a+bx)
i Polylog|2, bﬁ—(pa)ﬁ} ) i Polylog|2, bﬁ+(1+a)ﬁ]
4~/-c \Jd 4~/-c Jd
Result (type 4, 1501 leaves):

1

_ 1 d s d
—ZWArcTan[%} Ar‘cTan{\/d—X] —ZaZ\HArcTan[M] Ar‘cTan[\/?x] +
b~/c Ve b/c NG
i d i d
2\/?Ar‘cTan[M] ArcTan| X} +2a2\/?Ar'cTan[M] Ar‘cTan[@] -
bvec Ve bc c
b2 o Zd _i ArcT (71‘:+a)\/7
Zb\/?Ar‘cTan[\/d_x}erb\/? c+(-i+a) e rctan| oS ]Ar‘cTan[\/?X]z_
C b2 c NrS
h2 . 24 iarcT (-i-a) V/d
iab+c cr(iva) e et bVe }ArcTan[ﬁx}er
b?c NS
b2 . 24 iarcr (iva)\/d
bc & e reren| bife }Ar‘cTan[\/?X}2+
b2 c NS
b2 i 2§ _iArcTan| Ll Ve
iab+/c w e h an{ bi/c }Ar‘cTan[ﬁX]2+
b2 c NF
4(1+a2)\/?Ar'cTan[ d X]Ar‘cTan[a+bx]+
Ve
i d “21 [ArcTan[ 22V ] ancran [ e x
21\/?ArcTan[M} Log[1-e [rc ol byc Jrare an[ﬁ] ]+
bvc
-1 d 721[A Tan| L22Ve ) ey J‘LX
ZjazﬁArcTan[M] Log[lfe " an{ b/ c } " an{vc } ]+

bc
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X -2 Ar‘cTan[i(’“a} o ] +ArcTan [ \/?X}
2i+/d ArcTan| | Log[1-e b <]+
c
X -21 Ar‘cTan{M}JrArcTan{\/:X}]
2ia*+/d ArcTan| | Log[1-e byc e )] -
c
i d -21i |ArcTan (2] Vo +ArcTan Jax
ZiﬁArcTan[M] Log[1-e | bc | {F}]]_
bvc
i d -2i |ArcTan tira) a7, rcTan Ve x
ZjazﬁArcTan[M}Log[l_ez [AT {bc Jsaretan| CH}_
b+/c
X -2 Ar‘cTan[ ORES } +ArcTan { Jax } ]
2i+/d ArcTan| | Log[1-e byc e )] -
c
X -21i [Ar‘cTan{(j*aJﬁ}+ArcTan{ﬁx]]
2ia?+/d ArcTan| | Log[1-e bi/c e ] -
c
_ 1 d s d
ZiﬁArcTan[M} Log[—Sin[Ar‘cTan[%} +Ar‘cTan[\/?X
b/c b~/c Ve
— 7 d o d
21i azﬁArcTan[M] Log[—Sin[Ar‘cTan[M] JrAr‘cTan[\/F
b/e bc Ve
. 5 , ]
ZjﬁArcTan[M] Log[—Sin[Ar‘cTan[M} +Ar‘cTan[ﬁX]]
b b/c N
. ] , .
ZiazﬁArcTan[M} Log[—Sin[Ar‘cTan[%] +Ar‘cTan[\/?X
bve b N3
=21 Ar‘cTan{ (riva) Ja } +Ar‘cTan[ \/:X}
by/c Ve

(1+2a?) \/?PolyLog[Z, e

=21

(1+a?) +/d PolyLog|2, e

ArcTan { (an);\/? } +ArcTan [ J\?FX ] ] ]

Problem 54: Result more than twice size of optimal antiderivative.

ArcTan[a + b x]
J— dx

c+dx

Optimal (type 4, 152 leaves, 5steps):

2 2b (c+dx)
ArcTan[a +bx] Log| Fr—— | ArcTanfa+bx] Log| YT ——— ]
- + +
d d
. _ 2 . -~ 2b (c+d x)
. PolyLog[Z, 1 1-i (a+bx) ] . PolyLog[Z, 1 (bc+id-ad) (1-i (a+bx)) ]

2d 2d
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Result (type 4, 305 leaves):

1 1 . bc-ad
= |ArcTan[a+bx] |-Log]| | + Log[sin[ArcTan[————] +ArcTan[a+bx] ||| +
d 2 d
1+ (a+bx)
1 1 . > . b _ d 2
—|-=1 (r-2ArcTan[a+bx])*-1 [Ar‘cTan[T} +ArcTan[a+bx]| +
2 4
Y bc-ad
(m-2ArcTan[a+bx]) Log[1+e 2*ArcTan(abx] ], 5 (Ar‘cTan[T} +ArcTan[a + b x]
21i (ArcTan [ ﬂ} +ArcTan[a+b x] ) 2
Log[1l-e 0 | - (r-2ArcTan[a+bx]) Log| | -
1+ (a+bx)2
bc-ad X bc-ad
2 Ar‘cTan[T] +ArcTan[a+bx] | Log[2 Sln[Ar‘cTan[T] +ArcTanfa+bx]]] -

(ez i (Ar‘cTan { bc;iad]

i PolylLog [2, _ @ 21iArcTan[a+bx] } - i PolyLog [2, +ArcTan[a+b x]) }

Problem 55: Result more than twice size of optimal antiderivative.

ArcTan[a + b x]
—dx
C+g
X

Optimal (type 4, 244 leaves, 15 steps):
(1+ia+ibx)Log[l+ia+ibx] (1-ia-ibx)Log[-i(i+a+bx)]

2bc 2bc
. o | bdeex) . . . b (dicx)
idLog[l-ia-1ibx] Log[ (M)Cibd} idlog[l+ia+ibx] Log[(ﬂfambd]
+
2C2 2C2
] C (i-a-bx X c (i+a+bx)
idPolyLog|2, _(—)_jlcfaubd} ) idPolylog|2, (i+a) c,bd}
2C2 2C2

Result (type 4, 771 leaves):

| 15
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1
bc? (72ac+2bd>

-2a%c?ArcTan[a+bx] +2abcdArcTan[a+bx] +

iabcdsArcTan[a+bx] - i b2d? rArcTan[a+bx] -2abc?xArcTan[a+bx] +

bd
2b2cdxArcTan[a + b x] +2]'1abchr‘cTan[a—f} ArcTan[a + b x] -
C

bd
2ib?d*ArcTan[a- — | ArcTan[a+bx] -bcdArcTan[a+bx]*+iabcdArcTan[a+bx]?-
c

+
c c?

2abd b2 d2 -1 Ar‘cTan{a—ﬂ]
— e <

ib2d?ArcTan[a+bx]%?+bcd [1+a®- ArcTan[a+bx]%+

abc dJTLOg[l i e—ZiArcTan[mbx]] _p? dZJTLOg[l i e—ZJ‘lAr‘cTan[a+bx]] _
2abcdArcTan[a+bx] Log[1+ e ArcTaniabx] ], 5 ph2 g2 ArcTan[a + b x] Log[1 + e2 *ArcTan(arbx] |

2abcdArcTan [a _ ﬂ} Log [1 _ eZi (—Ar‘cTan{a—%} +ArcTan[a+b x]) } .

C

21 (—Ar‘cTan {a—%} +ArcTan[a+b x] ) ] +

2b?d? ArcTan|a - ﬂ] Log[1-e
c

2abcdArcTan [a +b X] Log [1 _ eZi (—Ar‘cTan{a—%} +Ar‘cTan[a+bx]) }

2b2d?ArcTan[a + b x] Log[l—ezj1 (’ANTa"{a’%]m'ﬂa"[a*bx])} -2ac?log]| ! |+
1+ (a+bx>2
2bchog{;} —abcdnLog[;} +b2d2ﬂLog[;} +
1+(a+bx)2 1+(a+bx>2 1+(a+bx)2

Zabchr'cTan[a— ﬂ} Log[—Sin[Ar‘cTan[a— E] —Ar‘cTan[a+bx]H -
C o

2b?d?* ArcTan|a - ﬁ] Log|-Sin[ArcTan|a - E] -ArcTan[a+bx]]| +
c c

ibd (ac-bd) Polylog[2, -e!ArcTaniardx] ]

ibd (-ac+bd) PolyLog|2, 21 [ArcTan[a-"% [ arcTan(a:bx) | ]

Problem 56: Result more than twice size of optimal antiderivative.

ArcTan[a + b x]
I
C + x_z

Optimal (type 4, 668 leaves, 25 steps):



Mathematica 11.3 Integration Test Results for 5.3.5 u (a+b arctan(c+d x))~p.nb | 17

(1+ia+ibx)Llog[l+ia+ibx] (1-ia-ibx)Llog[-i(i+a+bx)]
- - +

2bc 2bc
b(ﬁ—ﬁx) }
iV ¢ -ay ¢ by/d

j\HLog[lJrjaJrjbx] Log[—

4 (—C)3/2

b(ﬁ*ﬁx) ]

Ji\/?Log[l—Jia—jlbx]Log['r NG
1 -C +a -C +

+
4 (—C)B/Z
, o b (VI VT x | o o [\ /e x)
i+Vd Log[l-ia-ibx] Log|- (j+a)\/—7—b\/?] ) i+/d Log[l+ia+ibx] LOg[m/Tfaﬁm\/?] )
4 (—C)3/2 4 (—C>3/2
. -Cc (i-a-bx) . -C (1+ia+ibx)
i+/d Polylog|2, iﬁfaﬁfbﬁ} ) i+/d Polylog|2, e \/Tfib\/d_] )
4 (-c)?? 4 (-c)32
. -Cc_ (i+a+bx) . -c (i+a+bx)
1\HPolyLog[2, 1ﬁ+aﬁ-bﬁ} ) 1\HPolyLog[2, 1ﬁ+aﬁ+bﬁ}
4 (-c)3? 4 (-c)3?
Result (type 4, 1536 leaves):
(a+bx) ArcTan[a+bx] + Log|[ ————]
1+ (a+bx)? 1
- Vd
bc 4 (1+a2> c?
—ZﬁArcTan[M} ArcTan | X] —2a2\/?Ar‘cTan[M] Ar‘cTan[\/?X] +
b~/d Vd b+/d Vd
Zx/?Ar‘cTan[M] ArcTan| X} +2a2\/?Ar‘cTan[M] ArcTan| X] -
b~/d Vd b/d Vd
i 20,p2d  -iArcTan| lialfe
Zb\/?AI"CTan[\/C_X]2+b\/d_\/ ( 1+a> cr e a an{ bd ]Achan[\/?X]z_
\d b2 d \d
_ 2 b2d  -iArcT (e e
Jiab\/? < l+a) € e Pcan{ o/a }ArcTan[\/?X}er
b2d \d
i va)?cab>d  fancren| lelle i +a)’c+b’d
b\/? % e " an[ b\/: }Ar\cTan[ X}z_'_j_ab—\/? %
b2 d Ja b d
~i ArcTan| L2l
e retan| v/a " ArcTan| X}2+4 (1+2a%) \/?Ar'cTan[\/c—X] ArcTan[a +bx] +
Vd Vd
_ 1 -21 |ArcTan 7<7“8L\/T +ArcTan e x
Zj\/?ArcTan[M}Log[lfe eran| b/ ) ca[ﬁ]]Jr
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—1 -2i |ArcTan (rape +ArcTan e x
ZjaZ\/c_Ar‘cTan[M] Log[l_@2 [A ren| b/ a JareT {M/d } ]+
b/d
) X -21i |ArcTan ;MBPT +Ar‘cTan{\/Tx}
2i+/c ArcTan| e ] Log[1-e ba Yo ]
d
.2 Cc X —21’1[Ar‘cTan{—(’j“a)F}+ArcTan{ﬁ—x}]
2ia \/?Ar‘cTan[\/_]Log[l—e o Vo )] -
d
i -21i |ArcTan () e +ArcTan e x
ZI\EArcTan[M] Log[l—e2 [A ! { b+/d }A ! {\/d }]]_
bd
i -21i [ArcTan <Ma>\/? +ArcTan e x
ZjazﬁArcTan[%}Log[le sectan| £ et {ﬁ”}
b+/d
. X 21 Ar‘cTan[M%Ar‘cTan{ﬁx}]
an/?Ar‘cTan[ F]Log[l—e b/a Ja )] -
d
L, X -2i [ArcTan{M} +Ar‘cTan[ﬁx]]
2ia*+/c ArcTan| T | Log[1-e b/a o)) -
d
Zj\/?ArcTan[M} Log[—Sin[ArcTan[M} JrAr‘cTan[\EX
b~/d b~/d Vd
21 aZ\/?Ar‘cTan[(lJr\j)_\/?] Log[—Sin[ArcTan[w\j‘)_\/?] +Ar‘cTan[\/\/?_X
b+d b+/d d
ziWArcTan[%] Log[—Sin[Ar‘cTan[%} +Ar‘cTan[\/\/—c_XH]
b+/d b+/d d
ZjazﬁArcTan[M} Log[—Sin[ArcTan[M] +Ar‘cTan[\/?XH
b~/d b~/d Vd

—(’ﬂ’a]VT}+ArcTan{ < X}

-21 [Ar‘cTan{
b/ d d

==

(1+a%) V/c PolyLog|2, e

|+

i [ArcTan { iva) Ve } +ArcTan [ %] ]

(1+a%) V/c PolyLog|2, e o

]

Problem 57: Result is not expressed in closed-form.

ArcTan[a + b x]
I
C + x_3

Optimal (type 4, 933 leaves, 31 steps):
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(1+ia+ibx)Llog[l+ia+ibx] (1-ia-ibx)Llog[-i(i+a+bx)]

2bc 2bc

b (d1/3:+cl/3 b(dl/er 1/3
id¥3 Log[l-1a-1bx] Log[——(#)—] idY3Log[1+1ia+ibx] Log| . ]

(i+a) ¥/3-bd"/? (i-a) c/2+b d/?

6 c4/3 6 c4/3

b (dl//3— (-1) 1/3 ¢1/3 X)

1/6 : :
(71) ®d1/3 Log[1+ia+ibx] Log[— 17 (e b }

+
6 C4/3

b (dl/37 (-1)1/3 c1/3 x)

(-1)*®d3Log[1-ia-ibx] Log[(

“1)Y/3 (i+a) cl/3,pdl/3 ]

6 C4/3

b (dl/sJr (-1)2/3 /3 X)

(71)5/6d1/3 Log[l+1a+1bx] LOg[(

-1)2/3 (i-a) ¥3+bdY/? ]

+
6 c4/3

b (’:11/34r (-1) 2/3 ¢1/3 x)

(~1)%/°d"> Log[1-1ia-ibx] Log|-

_1)1/5 (1-ia) c¥/34b d/3 ]

6 C4/3

(71> 1/6 g1/3 PolyLog [2, (-1)Y/3 /3 (i—a-bx) } (71> 5/6 d1/3 PolyLog [2, (-1)Y/6 cY/3 (i-a-bx) ]
(-1)Y/3 (i-a) ¥/?-bd"/> (-1)Y/6 (i-a) c¥3-ibd"/?
— +
6 c4/3 6 c*/3

i di/3 PolyLog[Z, c'/3 (i-a-bx ] i di/3 PolyLog[Z, ﬁha—m)_}

(i-a) c¥/3+bd?/3 (i+a) c¥/3-bd¥/?

— +
6 c4/3 6 c4/3
(_1>5/6 qi/3 PolyLog[Z (-1)2/3 /3 (itasbx) } (_1)1/6 di/3 PolyLog[Z (-1)Y/3 13 (ivarbx) ]
) (-1)2/3 (i+a) cV/3bd?/? > (-1)Y/3 (i+a) cM/34b dV/3
+
6 c4/3 6 c4/3

Result (type 7, 933 leaves):
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1
6bc

1

6 | (a+bx) ArcTan[a+bx] +Log|

1+ (a+bx)2

b*dRootSum[ic-3ac-3ia’c+a’c-b>d-3icnl+3acnl-
3ia’cnl+3acol-3b3dul+3icnl?+3acul?+31a%cul?+
3adcH1?2-3b3dm12-icH1®-3acu1®+3i1alcm1®+adcm1®-b3dm1dg,

-1+71

-mArcTan[a+bx] -2ArcTan[a+bx]%2+2 1 ArcTan[a + b x] Ar‘cTanh[i +
1+01

2 i ArcTan[a+bx]-2 Ar‘cTanh{ e }

1+01

imlog[l+e2iArcTan(asbxi] 5§ ArcTan[a+bx] Log[l-e

2 ArcTanh [ ﬂ] Log [1 B ezJ‘LAr‘cTan[a+bx]—2Ar‘cTanh[’11+:111} ] i Log[ 1 } .
1+l 1+<a+bx)2
-1 +11 . -1+11
2 ArcTanh [ —] Log [Sln [Ar‘cTan [a+bx] +1ArcTanh [ e ] ] +
1+m1 1+81
PolyLog|2, g2 ArcTan[a+bx] -2 ArcTanh | 2] | -2ArcTan[a+bx]2a1 +mArcTan[a + b x] #12 -
2i ArcTan[a+ b x] ArcTanh]| ﬁ] 112 - i 1 Log[1 + e 2t ArcTaniasbx] | g2
1+51
2iArcTan[a+bx] Log[1- g2 ArcTan(a-bx] -2 ArcTanh| -2 | #12 + 2 ArcTanh | e
1+01
Log [1 B ez i ArcTan[a+b x]—ZAr‘cTanh{’:;ll} } le viT Log[ 1 ] le B
1+ (a +b X) 2
-1 +m1 . ) -1+81
2 ArcTanh [ 7] Log [Sln [Ar‘cTan [a+bx] +1iArcTanh [ _— ] ] 112 -
1+l 1+81

-1+01

1+n1]}1112+2<e

. 1-11
PolyLog [2, e2 i ArcTan[a+b x]—ZAr‘cTanh{ Ar‘cTanh[E} ArcTan [a +b X] 2

71

1-11
44T 2] ArcTan [a+bx]2n1
(1+m1)2
1 H1
2 ghreTanh| 1] ArcTan[a + b x]2? 112 / (-ac-2ia’c+a’c-b*d+

(1+m1)?

2actt1+2a3ctt172b3d111—ac1112+2Jiazcn12+a3c1112—b3d1112) &]

Problem 58: Result is not expressed in closed-form.

ArcTan[a + b x]
J— dx

c+d W
Optimal (type 4, 673 leaves, 31 steps):
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2ivi+a Ar‘cTan[M] 2ivi-a Ar‘cTanh[M]
v V1-a

1+a

- +

Vb d Vb d
, d(via Vb VX , d (Vita Vb VX
iclog| T | Log[c+d+/x | ) iclog| N | Log[c+d~/x ] )
d2 dZ
| 4 [T A VR | 4 (i /b x|
iclog[- N | Log[c+d~/x ] ) iclogl- N | Log[c+d~/x ] )
dz d2
iVXx Log[l-ia-ibx] dclog[c+dvx |Log[l-ia-ibx] i~/x Log[l+ia+ibx]
- - +
d d? d
. b [c+d/x
iclog[c+d/x | Log[l+ia+ibx] i cPolylog|2, Wc—md]
d? ' d?
i cPolylog|2, b ferd i | icPolylog|2, M] i cPolylog|2, Vo [ed/x ]
\b c+/-i-a d ~ b c-+/i-a d B Vb c+i-a d
d2 d2 d2

Result (type 7, 303 leaves):
1 4i+/-1+a dAr‘cTan[M}

-1+a
— +

2d? NS

4i+/i+a dArcTan| 2l ]

1+a
\Vb
c d®RootSum|[b*c* +2abc?d*+d* +a?d*-4b> Pl -4abcd’ml+
6b2c?H12+2abd?*1#12-4b%cH1® + b2 11% &,

~Log[c+d/x]"+ 2L0g[c d/x] Log[1- M} +2PolyLog|2, M}J/

#1 #1

+4 ArcTan[a + b X] (d\/;—cLog[c+d\/7]) +

(bc2+ad2—2bcn1+bn12) &]

Problem 59: Unable to integrate problem.

JAr‘cTan [a+bX]
—dx
C + d
WX

Optimal (type 4, 770leaves, 37 steps):
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= LA s N
721x/1+a d ArcTan | — ] ) 2i+/i-a dArcTanh| — ] )
Vb c? b ¢?
L [VEEAE R L (VTR AE R
id? Log| s | Log[d+c+/x | 1id?Log| e | Log[d+c+/x ]
c? : c3 :
. ¢ (Vi /b Vx) _ ¢ [Via /b Vx|
i d? Log| o | Log[d+c~/x ] +1d2Log[ = ] Log[d+c /x| )
c3 c3

idVx Log[l-ia-ibx] id’Log[d+c+/x|Log[l-ia-ibx] id+x Log[l+ia+ibx]

+ + -
c? c3 c?
(1+ia+ibx)Log[l+ia+ibx] id?Log[d+c+/x | Log[l+ia+ibx]
2bc c3
. Vb [d+c/x
(1-ia-ibx) Log[-i (i+a+bx)] i d?Polylog|2, _mc—ﬁd}
2bc c3
id? PolyLog[Z, _ b [drerx ] id? PolyLog[ZJ M] id? PolyLog[Z, Vb [dre V. ]
i-a c-+/b d B +/-i-a c+/b d Ji-a c+/b d
c3 c3 c3

Result (type 8, 20leaves):
JArcTan [a+bx]
——dXx
c+
X

Problem 61: Result more than twice size of optimal antiderivative.

ArcTan[d + e X]
J— dx

a+bx?

Optimal (type 4, 543 leaves, 17 steps):

) e (vV-a Vb x ) ) . e (/-a +/b x ) )
ILOg[W(1+d>+ = e] Log[l-1d-1iex] nLog[—W(hd)i = e} Log[l-1d-1iex]
4~/-a Vb 4+/-a /b
. e(vV-a-Vb x ) . ) e (v-a +/b x . )
lLog[_\m(j—d)— - e} Log[l+1d+1iex] ) lLOg[\/Fupdw - e] Log[l+id+1ex] )
4+/-a b 4+/-a b

. Vb (i-d-ex) . \/b (i-d-ex)
i Polylog|2, e e] i Polylog|2, e e}
4 _
4~/-a /b 4+/-a /b
. /b (i+d+ex . A/b (i+d+ex
i PolyLog|2, e e] ) i PolyLog|2, NS e}
4~/-a b 4+/-a Vb

Result (type 4, 1501 leaves):
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1

4+/a b (1+d?)

7

M} Ar‘cTan[\/FX] -2+/b d? ArcTan[M] Ar‘cTan[
Va e Va Va e Va

M] ArcTan [ } +2+/b d?ArcTan [ M] ArcTan [
Ja e Va Vae Va

-2 \/F ArcTan [

b x

2 \/K ArcTan [

—
{\j b (*Jk+d]

b(-1+d)? 2 _jArcTan| Y2 4
X}2+\/a_e ( i+ ) rae . rcTan . }Ar‘cTan[ bx]z_
ae? Ja

2+/a eArcTan [

2

b(_i+d)? 2 i arcTan| Yo (i)
Ji\/?de\/ ( b ) rae e Pcan{ Vae }Ar‘cTan[WX}er
ae ﬁ

b <i+d)2+ae2 fJ'LAr‘cTan[VTUW} s
Vae |[———— e Foo ) prcran YPX)2,
Ve

b (Ji+d)2+ae2 fJiArcTan{VTi“dJ} \/FX )
ivade | —L— ¢ Jae " ArcTan| |7+
ae? Ja

X
| ArcTan[d + e x] +

4-/b (1+d?) ArcTan|
\Va

. - Vb (-ivq) Vb x
b (- d -2 [A T - +ArcT
Zj\mArCTan[M} Log[l—e * re an[ Ja e } re an[ \/:] ] N
Va e
o s o
b (-i+d 2 |ArcTan| Y2 (54 ] ApcTan| Yo X
Zj\/FdZArcTan[w] Log[1l-e reten| Jae } rcan{ﬁ} ]+
Va e
X -2 ArcTan[\m—ﬁ“ﬂ]+Ar‘cTan{\Ex}
ZJix/FAr'cTan[ | Log[1-e N A
a
b x —21(Ar‘cTanp/?L')}JrArcTan{VE }]
2i+/b d?ArcTan| | Log[1-e Jae e )] -
a
. . [b (i:d) [o x
b d -2 |ArcTan| *22CL |+ ArcTan | 22 ]
Zj\/FArcTan[M] Log[1l-e retan| Va e } rcan{va ) ] -

\a e
\/K(J'ler)

21i [Ar‘cTan{VTJ‘d) ]+Ar‘cTan[Jb x}]
Va e \a } —

2i+/b d?ArcTan| | Log[1-e
Va e

[b (iid)
Ar‘cTan[i\‘ b (i+d) }

_21
X} Log[l—e ’

+Ar‘cTan{V,EXH
Va e \a } _

21 \/F Ar‘cTan[
a
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b x

21 [ArcTan{ﬁ {i-d) }+Ar‘cTan[ﬁx]] ] i

2i+/b d?ArcTan| | Log[1-e ae /s
a
2]1\/FArcTan[M} Log[—Sin[ArcTan[M} +Ar‘cTan[WXH] _
JVa e Va e Va
Zix/FdzArcTan[M] Log[—Sin[Ar‘cTan[M] +Ar‘cTan[\/FXH] +
Va e Va e Va
ZjWArcTan[M] Log[—Sin[Ar‘cTan[M} +Ar‘cTan[\/FXH] =
\a e Va e Va
2]1\/Fd2ArcTan[M} Log[—Sin[ArcTan[M] +AI"CTan[\/FX]]] _
Va e Va e Va
\/? 5 -2i [ArcTan { M} +ArcTan { ﬁx}
(1+d?) Polylog|2, e Jae o T+

i [Achan[ﬁ (i+d) }+Ar‘cTan[%]]

Vb (1+d?) Polylog|2, e ae

]

Problem 62: Attempted integration timed out after 120 seconds.

ArcTan[d + e X]
J— dx

a+bx+cx?

Optimal (type 4, 367 leaves, 12 steps):
2e (b—MQ c x)
b—M] e
Vb2-4ac
bi/b24ac «2cx
(ZC (i—d)+(b+\/m] e] (1-i (drex))
Vb2-4ac
b-/b24ac
(21c—2cd+be—\/m e] (1-i (d+ex))

2v/b2-4ac

2 [2cdf{b+m] e-2¢ (drex)
(zc (de[bdmj e

2V/b’-4ac
Result (type 1, 1leaves):

ArcTan[d + e X] Log[

J

[Zc (i-d)+ (1-1 (d+ex))

2e

ArcTan[d + e x] Log|

]

2 (ch— e-2c (d+ex)

iPolylog[2, 1+

+

iPolylLog[2, 1+
(1-i (d+ex))
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Summary of Integration Test Results

70 integration problems

A - 49 optimal antiderivatives

B - 12 more than twice size of optimal antiderivatives
C - O unnecessarily complex antiderivatives

D - 8 unable tointegrate problems

E - 1integration timeouts



